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Abstract. Self-consistent techniques, such as the linearized augmented plane wave (LAPW)
and surface embedding Green function (SEGF) methods, frequently yield calculated quantities
which show damped oscillatory behaviour as a function of the number of sgegiaints. In

the present work, the oscillatory dependence has been fitted to a damped harmonic oscillator in
order to approximate the value corresponding to an infinite numbgrpafints in the Brillouin

zone. The asymptotic value, amplitude, frequency, and phase are determined as functions of the
damping constant by matching the value and derivative of the damped harmonic oscillator at
consecutive turning points. It is shown that the asymptotic value of the damped oscillator may
fall within the rms error of the asymptotic value of the fitting function. Results are reported for
the surface relaxations and work functions of Al(001) and Be(0001).

1. Introduction

Density functional theory relates an interacting system to a non-interacting system of the
same charge density subject to a modified potential. The charge density is usually obtained
by summing contributions from all occupied states of the system; for an infinite system, an
integration over the infinite number of states in the occupied portion of the Brillouin zone is
required. The general practice has been to replace the BZ integral by a weighted sum using
sets of speciak-points and weights in such a way as to minimize the approximation error.
However, when only a single set &fpoints is used, there is no simple way of predicting
how close the calculated finite+esults are to the (actual) infinife-asymptotic values.

Surface embedding Green function studies (incorporating LAPW basis functions) of
physical quantities such as the work function, force, and surface relaxation show similar
damped oscillatory behaviour with the number of spekigdoints. Such arbitrary damped
oscillatory functions can be fitted to a harmonic oscillator by means of a general technique
outlined in section 2. (A detailed explanation of the method is given in the appendix.) Once
the results for the first few sets of speckalpoints have been fitted to damped harmonic
oscillators, the infinitde asymptotic values can be predicted. In section 3, the method is
applied to the AI(001) and Be(0001) surfaces, and comparisons with other theoretical and
experimental work are presented.

2. Theory

Self-consistent techniques often yield calculated quantities which show damped oscillatory
behaviour as a function of the number of speéigdoints. Leti(x) be an arbitrary damped
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oscillatory function whose asymptotic valued@s To approximateC (corresponding to an
infinite number ofk-points in the Brillouin zone), it is desirable to fit(x) to a damped
harmonic oscillator of the form

g(x) = A+ Be * coqwx + B). Q)

The asymptotic value of the fitting function, is then the approximate asymptotic value
of the calculated quantity. The method described below assumes that the oscillatory, but not
necessarily periodic, functiol(x) is known on an interval which contains two consecutive
turning points,x; andx; 1. That is

x € X; =[x; — e, xj11+ &] (2)

whereeg, ande, are small compared t®; — x;j;1.

A damped harmonic oscillator has five parameters that can be adjusted freely to fit the
function of interest. These are the asymptotic valag, the amplitude B), the damping
constant ¢), the frequency ), and the phase shifs]. The asymptotic value, amplitude,
frequency, and phase shift are fixed by matching the value and derivative of the function
to be fitted at two consecutive turning points.

The fitting procedure leads to the following expression for the asymptotic value of the
damped harmonic oscillator:

h(x;) — h(x;
Ajta, ) = hiy) — o0 3
where i (x;) and h(x;11) are the values at the two turning points. (For details, see the
appendix.)A; is thus the approximate infinite-asymptotic value of:(x).

To obtain some sense of how well the asymptotic value of the damped harmonic
oscillator approximates the asymptotic value of the oscillatory fundiior, the method
proceeds as follows. First, the fact that succeeding turning points are nearer to the asymptotic
value limits the range of . It must lie between the average value of the two turning points
and the value at the second point. That is,

h(x;)+ h(xj+1)>

5 whenh(x;) > h(xji1) (4)

Cev= [h(x,-m,

or

Cev = <h("”+—2h(x”l) h(x,»+1)] whenh(x) < h(x).  (5)

The error interval may be further reduced by fittin¢x) to 4 (x) over several intervals.
It is shown in the appendix that the rms difference per interval decreasesaeases for
subsequent intervals. Thus, the rms difference evaluated over the first interval is greater
than the rms interval evaluated over the entire range—€maust lie in the intersection of
all error intervals (A33). For other details of the method, please see the appendix.

3. Applications

The approximation technigue outlined in section 2 and described in the appendix has been
applied to the work function and surface relaxation of the Al(001) and Be(0001) surfaces.
The surface embedded Green function (SEGF) method [1, 2] has been used to obtain the
charge densities of both surfaces. The SEGF method employs LAPW basis functions and
the full potential, with no shape approximation, in the surface region. Surface layers are
embedded directly onto an infinite bulk substrate by means of an embedding potential
derived from the bulk Green function.
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3.1. Al(001)

The calculations were performed using Monkhorst and Pack’s spkqialint sets for a
square lattice [3]. The variable is defined in such a way that consecutive sets of special
k-points are separated by unity. The lower bound of the first intet¥al,is set to zero.
The functions(x, {A;}) is defined as in the appendix ((A11) and following).

3.1.1. Work function. Seven values of the work function were obtained using the 6-, 10-,
15-, 21-, 28-, 36- and 45-speciktpoint sets. The dependence of the work functionron

is depicted in figure 1. It is seen that the work function behaves in an oscillatory manner
ash(x). The intervalX; (with j equal to one) is taken a%; = [0, 5]. The locations of

the turning pointsy; andx,, are approximated by Lagrange interpolation as 1.01 and 1.32,
respectively.
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Figure 1. The dependence of the Al(001) work function en

The damping constang(A), that minimizes the rms difference for an arbitrary
was obtained; the rms differences for thewere then compared. Figure 2 shows the
A-dependence of the rms differendg[@1(A), A], and the asymptotic value of the fitting
function, Ai[@(1), A]. The power ofx that leads to a minimum rms differencg, is
approximately 0.9. The corresponding rms differen: (1), A], was calculated to be
0.007 eV. Thus, the; error interval is given byZ; = [4.428 4.442] eV. The values of the
work function at the turning pointg(x;) andi(x,), as obtained by Lagrange interpolation
are 4.474 and 4.397 eV, respectively. Hence Ytherror interval isY; = [4.397, 4.436) eV.

The error interval for the work functiorg, is the intersection of th&, andY; intervals:

C €[4.428 4.436) eV. The calculated work function is determined to be 4.432 eV, with an
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Figure 2. The dependence of the rms difference (error bars) and asymptotic value of the fitting
function (crosses) on the power of

error interval of only 0.1%. The corresponding experimental error interval38,[4.44] eV
[4]. Thus, the theoretical interval is well within the experimental interval.

Two important phenomena can be observed in figure 2. First, a deviation from the
optimal power,. = 0.9, results in an increase in the rms difference. The error interval
increases, although the limiting value @fis retained. The same phenomenon was observed
in the calculated surface relaxation of Al(001) and the work function of Be(0001). A similar
conclusion also applies to the surface relaxation of Be(0001) when the intersectiod;with
is considered.

Second, the asymptotic value corresponding to the optimal powseg (1), A], is
stationary with respect to variations in the power. This phenomenon was also observed in
the work function and surface relaxation calculations of Al(001) and Be(0001).

3.1.2. Surface relaxation. Since experiment predicts almost no relaxation for the AI(001)
surface, the subsurface layers were assumed to be fixed with the bulk inter-layer spacing.
Only the spacing between the outermost and second layer was allowed to vary. The surface
force acting on the outermost layer was calculated for two different spacings. The surface
relaxation was determined by assuming a linear dependence of the force on the spacing.
Surface relaxations were determined for seven spéef@int sets, consisting of 6, 10,
15, 21, 28, 36, and 4bk-points. Figure 3 shows the dependence of the surface relaxation on
x. (The surface relaxation was calculated as the ratio of the deviation from the unrelaxed
position to the bulk inter-layer separation.)
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Figure 3. The dependence of the Al(001) surface relaxatiornxon

The interval X; was taken to beX; = [0, 4]. The optimal power was 0.9—identical
to that obtained for the work function. Th&; and Y; intervals were calculated to be
Z; = [—0.86, —0.54]% andY; = [—1.42, —0.69)%. The uncertainty interval for the surface
relaxation,C, the intersection of these two intervals, is given @ye [—0.86, —0.69)%.
This is fairly close to the experimental result of 0% (no experimental error interval has been
cited) [5].

3.2. Be(0001)

The calculations were performed using Cunningham’s spdeipbints for a hexagonal
lattice [6]. Five values of the work function and surface relaxation were obtained,
corresponding to 3-, 6-, 18-, 36-, and 108-spekigdoint sets. The variable was defined
such that consecutive specialpoint sets were spaced by unity. The lower bound of the
interval X; was set to zero.

3.2.1. Work function. Figure 4 illustrates the oscillatory behaviour of the calculated work
function. The intervalX; was taken to beX; = [0, 4]. The optimal power was found

to be 1.0. TheZ, andY; intervals were found to be [81, 5.33] eV and [458, 5.29) eV,
respectively. The work function uncertainty interval,4h 5.29) eV, is the intersection of
these two intervals. The calculated interval is somewhat outside the experimental interval
of [5.08,5.12] eV [7].



8364 D Gebreselasie ahG A Benesh

h(x) -Work Function (eV)
a
e o

~

(o]
i
¥

Figure 4. The dependence of the Be(0001) work functionxon

3.2.2. Surface relaxation.Because experiment predicts almost no relaxation of the
subsurface layers, the surface relaxation for the top layer was calculated by keeping the
lower layers fixed at the bulk inter-layer spacing. The force acting on the top layer was
calculated for two different positions of the surface for each set of spkepaints. The
surface relaxation was then determined by assuming a linear dependence of the force on
inter-layer spacing. From figure 5 it is apparent that the surface relaxation behaves in
an oscillatory manner. The optimal value of the power was found to be 1.0—the same
value as for the work function. Th&; and Y; intervals were found to be-0.5, 6.3]%

and [-3.2, 3.9)%, respectively. Thus, the calculated uncertainty interval-i6.}, 3.9)%.

Again, the calculated result is somewhat outside the experimental interval4o6[8]%

[8]. This appreciable expansion of Be(0001) is considered to be anomalous, since most
close-packed surfaces show little, if any, expansion.

4. Conclusion

A general method of evaluating the infinikerepresentation of various calculated quantities

has been presented. Applications of the method to two test surfaces have been successful,
in that agreement with experiment has been good to excellent. The error intervals obtained
were generally narrow. Although these calculations were performed with the SEGF method,
the technique can be applied to other methods which employ spegiaint sets.
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Figure 5. The dependence of the Be(0001) surface relaxation.on
Appendix
Let h(x) be an arbitrary damped oscillatory function such thatjfet 1, 2, 3, ...
lim h(x) =C (A1)
X—>00
[C = hGHIIC — h(xj+1)] <O (A2)
and
|C — h(xj)] > |C = h(xj41)] (A3)
wherex; andx; ., satisfy the conditions
dh(x)
=0 A4
a |, (A4)
dh(x)
=0 A5
& | (A5)
X=Xj4+1
and
dhi(x)
#0. (AB)
dx XE(Xj,Xj+1)

That is,x; andx;, are consecutive turning points, agdis the limiting value ofa(x). Let
the values ofz(x) be known only for the values of such that

xeX;=[xj —enxj41+ €] (A7)

whereg, ande, are small compared to; — x;j41.
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Inequalities (A2) and (A3) constrai@ to be in one of two intervals:

h(x;) + h(xj+1))

5 whenh(x;) > h(xj11)  (A8)

CeY;= |:h(xj+1),

or

Ce YJ = <L2h(xl+l), ]’l()CjJrl)iI Whenh(xj) < ]”l(Xj+1). (Ag)

Let g(x) be a damped harmonic oscillat@r > 0) given by
g(x) = A+ Be * coqwx + B). (A10)

The aim is to reduce the error interval by fittiggx) to i(x) over the known interval.
Although the turning points of (x) are equally spaced, those/ofx) may not be. However,
a monotonically increasing functior(x) can be defined such that the functiptx) defined

by
pls(0)] = h(x)
or
p(x) = h[s~(x)] (A11)

does have turning points which are uniformly spaced.

Let s(x) depend onx through the parametef$,;} = A1, Ao, ..., An, 1.€., Where thga,;}
are chosen to minimize the difference betweén(x)] and p[s(x)]. Parameters are chosen
such thatg[s(x)] and z(x) match aty; andx; 1, and ¢[s(x)]/ dx vanishes ak; andx;, 1.

These conditions result in the following expressionsdoy g;, B; and A;:

T
i = S oD =G (D (A12)
—aj

Bi(a;. 1)) = —oo; ((aDs (. () + tar™ <w,< {x,-})) +(-Dr (A13)

h(x)) = h(x+1)
cos[tan-1(—a; /w; ({1:]) + (j — D] (&7 i) 4 st (D))

Bj(aj, {Ai}) =

(A14)

and

h(x) = h(xs)

Aj(aj, (M) = h(xj) — 1+ eamoh

(A15)

From (A15) it can be seen that; («;, {1;}) € ¥; for all &; € (0, o] for a given set{2;}.
Thus, there exists ai; € (0, oo] such thatA;(a;, {*}) = C. Thisa; can be approximated
as thea; which minimizes the difference betweegrs(x, {*;})] and g;[s(x, {1;})] in the
interval S; = [s;, sj+1], wheres; = s(x; — g, {A;}) andsj;1 = s(xj+1 + &, {A;}). The rms
difference between the two functions can be used as a measure of the errora;TiBus
chosen such that

drj (o, {A:}) _0 (A16)
dot; oj=a;
where
(e, (i) = / Tl D] = gls (s (D o, (T2 ds (e, (D). (A17)

J
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Condition (A16) results in the following transcendental equationofor
/ ds(x, {A:) {pls(x, (D] — g;[s(x, A, a5, {3}

x dgj[S(X, {)”l})s VJ(%’ {)‘l})s {)"l}]

=0 (A18)
dy;(aj, {7i}) _—

wherey; = e~m/@ (b,

The advantage of switching from; to y; is that, in solving the transcendental
equation (A18), it is easier to look fgr in the finite range [0,1), than it is f@r; € (0, oo].
This is possible becausky;(«o;, {1;})/da; # 0. If A(x) is known only for a few values of
x, then the integrals in (A17) and (A18) must be replaced by summations.

The rms difference, (Al7), can be further minimized by choosfag such that
drj/ digly,—;, = 0, fork =1 ton.

Next, consider the value df defined by

5 Sjp1t+m /o B B 5
I = 1@ () — / (pls e, Gu)] — glsCe, (), @112 dsCr, (i) (A19)

From (A10) one obtains
gls (e, D), &1 = A;(7) = =7igls (x, {Ai)) = w/j, @)] — A; (7)) (A20)
wherey; = y; (&, {A:}).

With the {X;} chosen by minimizing the rms difference, andin close conformity
with y (the turning points of the approximating functions) such tha {d)/ dx]|,=,, = 0,
8c(x) € (0, 1] is defined by

pls(x, (Aih] = € = =8¢ {pls(x, (1) — 7/wj] = C}. (A21)
Then
pls(x, (A D] — A;(7) = =84 {pls(x, (L) — m/w;] — A; (7)) (A22)
whered (x) = §c(x) + Adc(x). To first order
L e, O) C—-A)
Adc(x) = —ac (A7) —C) =1+ SC(X))p[s(x, ) —n/a]—C
Using (A20) and (A22), (A19) can be transformed into

(A23)

I = / AP0 = & @ = [Ba)p(x) — 7@ ds(x, (L)) (A24)
where p(x) = p(x, {A;}) — A;(7) andg;(x) = g;[s(x, (L)), &;] — A; (7).
For a givenx, the integrand of (A24) is greater than zero if
[p(x) — g ()l |p(x) — §j(X)|>
1g; ()1 1g; (X1 '
For the ideal case where the functions are identi&al) = y; as expected.
If |p(x) —g;(x)| is approximated by the rms difference, agjdx) is evaluated at; (to
obtain the smallest possible interval), then (A25) simplifies to
) BA+7? 71+ 7))
W; D <Vj _ i ~7// 7 _ 7 ~V/ )
18 (x;) — g (xj+1)] 18 (xj) — g (xj+1)]

wheref; = {r; (@, {A:})/(sj41 — s}

Salx) e W; = (77 A+ 7+ A+ 7)) (A25)

(A26)
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Now, if §4(x) € W; for mostx, it follows from (A19) that/; > 0. Thus, asx increases
the mean square difference per interval decreases. Consequently,

_ 1 L _ ~ ) _ 1/2 )
i > Lli”noo { - / [p(s(x, (M) — g (sCx, i), @))% ds(x, {)\i})} = Foo- (A27)
J Vs
A direct expansion of the integrand leads to
. 1 L . -
72 = (43 - P+ 200 - A7) fim = [ [50) - geotdste. 1)
J S
1 L -
+im = [ [ - gl dser, G (A28)
— 00 — Sj 5

where p(x) = p[s(x, {x})] — C. Since the integrands in the second and third terms
approach zero as approaches infinity, the corresponding integrals behave like constants as
L approaches infinity. As a result, the second and third terms of (A28) vanish. Therefore,
it follows that

C=A;y) 7. (A29)
Equation (A15) implies that
8 (%) — 8 (xj+1)

AA;(Sy) = T

(Ba —¥))- (A30)

Then, with|AA;(8)| = 7},
Aj(6a) € Zj = (A;(y)) — 7, A‘jg)?,') +7j) = ,
- 71+ y) - 71+ y)
SaeV = ()/j _ J Vi 7 j Vi ) ‘ (A31)
lgi (x;) — gj(xj1+1)l lgi (x;) — g (xj11)l
SinceV; C W;, 8, falls within the intervalW;. Therefore, (A27) and (A29) are appropriate
for our damped harmonic oscillator, and they ensure the existen€erofZ;, the rms error
interval of A; (y;).
If Z; ¢ Y;, the error interval can be reduced further because
CeY,NZ. (A32)
If h(x) is known over an interval containing more than two turning points ($xythe
error interval can be reduced, since
j+N=-2
Ce () (YunZu). (A33)
m=j
Since many calculated physical quantities behavedike as a function of the number

of specialk-points, intervals (A32) and (A33) are valid error intervals for the infiite-
representation of the system.
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